We consider a semidirect product GϭR n ϫЈH and its unitary representations U of the form Ind G 0 G (p 0 m) where Ind is the unitary induction, p 0 is in the dual group of R n , G 0 is the stability group of p 0 , and m is a unitary representation of G 0 പH. We give sufficient conditions such that U defines a wavelet transform and a discrete frame.
I. INTRODUCTION
In the framework of wavelet analysis it is well known that the groups that are semidirect products with normal Abelian factor play an essential role in the construction of both continuous wavelet transforms and of discrete frames.
The classical example, Ref. 1, is the group axϩb and its quasi-regular representation U acting on L 2 (R) as
We refer for this to the treatise of Ref. 2 and to the review paper Ref. 3 . In recent years there has been an interest in extending these kind of results to other groups: on one side, for example, Refs. 4-6, obtaining results valid for a fairly general class of groups; on the other side, discussing specific cases. For example, in Ref. 7 , the group R n ϫЈ"R ϩ ϫSO(n)… has been considered in order to define wavelet transforms on L 2 (R n ). In this paper we consider the case of groups G that are semidirect product of R n and a topological group H and their representations U of the form UϭInd G 0 G (p 0 m) where Ind is the unitary induction à la Mackey, p 0 P n , the dual of R n , G 0 is the stability group of p 0 with respect to the dual action of G on P n , and m is a unitary representation of G 0 പH. For such groups we consider two kinds of problems.
First we describe the conditions under which the representations Ind G 0 G (p 0 m) are square- 
II. PRELIMINARIES AND NOTATIONS
Let G be a locally compact second countable ͑lcsc͒ topological group. We denote by G and ⌬ G respectively a left Haar measure on G and its modular function.
We review the basic definition and properties of square integrable representations and of discrete frames. In this paper we will use the word representation to mean a continuous unitary representation of G acting in a complex separable Hilbert space H.
A representation U of G in H is square integrable if it is irreducible and there exist two nonzero vectors , H such that the map c , from G to C, 
The operator K U is called the formal degree of the representation and the vectors Dom K U Ϫ1/2 are called admissible.
Let H be a ͑complex separable͒ Hilbert space and ͕ i :iI͖ a countable family of nonzero vectors in H. We will say that ͕ i ͖ iI is a frame in H if there exist two positive numbers ␣ and ␤ such that the following condition holds:
The numbers ␣ and ␤ are called frame bounds of the frame ͕ i ͖ iI .
If there exists a representation of a group G acting in H, then it is of particular interest to determine frames of the following form:
where ͕g i ͖ iI is a countable family of elements of G and is a fixed element in H.
From now on let G be the semidirect product R n ϫЈH, where H is a lcsc topological group acting continuously on R n ͑G is in a natural way a lcsc topological group͒. Explicitly, let ⍀ be the representation of H that defines the action of H on R n . Denoting gϭ(x,h) the elements of G, with xR n and hH, we have
and the inner action of G on R n is g͓x͔ :ϭgxg Ϫ1 ϭ⍀͑h͒x, xR n , gϭ͑ y,h͒G.
We denote by d n x the Lebesgue measure on R n . Let P n be the dual group of R n , which we identify with R n in a natural way, and d n p be the corresponding Lebesgue measure. By duality, G acts continuously on P n , explicitly
where • denotes the natural scalar product in R n . We fix an element p 0 of P n and we denote by O the corresponding orbit
and by G 0 the stability subgroup of p 0 ,
We choose a representation m of H 0 acting in a complex separable Hilbert space K and we consider the representation p 0 m of G 0 in K :
We denote by Ind G 0 G (p 0 m) the representation unitarily induced by p 0 m from G 0 to G.
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III. SQUARE INTEGRABILITY
The following theorem solves the problem of the square integrability of the induced representations of G. 
Lemma 1: For any hH and EB(P n ) we have
With the above notations, a suitable choice is the representation U acting in L 2 (O ,K ) as 
If H 0 is compact, all its irreducible representations are square integrable, and one can easily show that Dom K m Ϫ1/2 ϭK , K m is a multiple of the identity, and ⌬ G "q( p)… is independent of the choice of the section q, precisely
Going back to the general case, if U is square integrable, we can define a corresponding wavelet transform. Let L 2 (O ,K ) be an admissible vector normalized in a such way that
As a consequence of Theorem 1, one can easily prove that W is an isometry and the projection on its range is a convolution operator, precisely
where the integral is in the weak sense.
To present this kind of result, we consider a specific example. Let GϭR n ϫЈ"R ϩ ϫSO(n)…, where SO(n) is the n-dimensional special orthogonal group. The direct product HϭR ϩ ϫSO(n) acts on R n as
where Rx is the usual matrix action and a acts as a scalar. The group H is unimodular and the Haar measure is a Ϫ1 dadR, where dR is the normalized Haar measure on SO(n). The modular function of G is ⌬ G (xaR)ϭa
Ϫn . The dual action is
With respect to this action, P n is the union of two orbits ͕0͖ and O ϭP n ‫.͖0͕گ‬ The first orbit has zero Lebesgue measure, so that the corresponding representations are not square integrable. We consider the orbit O and we fix p 0 ϭ(0,...,0,1)O . The stability group is G 0 ϭR n ϫЈSO(nϪ1) where SO(nϪ1) is regarded as a subgroup of SO(n) in the following way:
Since SO(nϪ1) is compact, every representation of G induced on the orbit O is square integrable. The usual way to construct wavelets in L 2 (R n ) is to choose m as the trivial representation. We suggest an alternative way in order to obtain vector-valued wavelets.
Let m be a representation of SO(nϪ1). As a consequence of the Frobenious reciprocity theorem and of the fact that SO(n) is compact, there exists an ͑in general nonunique͒ represen- 
To give an explicit description of the subspace Ĥ let us choose, for example, nϭ3 and D the representation of SO͑3͒, D͑R ͒ϭR, acting in WϭC 3 in a natural way. Let K ϭ͕(0,0,c):cC͖, hence the restriction m of D to SO͑2͒ leaves invariant K ͑m is the trivial representation͒. An easy calculation shows that
where ٌ∧ is the curl operator ͑in the sense of distributions͒. Moreover, we observe that the orthogonal complement of Ĥ ,
where ٌ • is the divergence operator ͑in the sense of distributions͒, is the direct sum of two closed subspaces where V acts irreducibly. These subspaces correspond to the choice of the subspaces of W,
and of the representations of SO͑2͒,
where ͓0,2͔ is the usual parameter of SO͑2͒.
IV. CONSTRUCTION OF DISCRETE FRAMES
In this section we consider the problem of the existence of discrete frames associated to the induced representations of GϭR n ϫЈH, when HϭR ϩ ϫS and S is a semisimple connected Lie group.
The action of
where x‫ۋ‬s͓x͔ is a smooth action of S on R n . Let P n denote the dual group of R n and fix p 0 P n . Assume that the orbit O ϭG͓ p 0 ͔ for the dual action of G on P n is open and that the subgroup H 0 ϭHപG 0 is compact ͑notice that R ϩ പH 0 ϭл͒. In these hypotheses O is homeomorphic to G/G 0 and to H/H 0 .
We will prove the existence of frames associated to the representation 
